1. Introduction. Let S/R be an extension of commutative rings always assumed to be associative and possessing identity elements. Let G be a finite group of R-algebra automorphisms of S such that R = S G := {s ∈ S | g.s = s, g ∈ G}.
normal basis exists has only been solved in particular cases. Bayer-Fluckiger [1] has shown that if S/R is an odd Galois field extension, then a self-dual normal basis always exists. For more results on self-dual normal bases for field extensions, see the paper [2] by Bayer-Fluckiger and Lenstra and the extensive paper [3] by Bayer-Fluckiger and Serre. By adapting an idea from Kersten and Michaliček [8] , Mazur [16] has shown the following result for general Galois ring extensions.
Theorem 1 (Mazur) . Let S/R be a finite odd abelian Galois ring extension with Galois group G. If S and R[G] are isomorphic as left R[G]-modules, then (S, q S ) and (R[G], q 0 ) are isomorphic as G-forms.
If G is infinite, the definition of a normal basis makes no sense. However, if we let (G, R) denote the set of functions f : G → R and we let G operate on (G, R) by (g.f )(g ′ ) = f (g −1 g ′ ), g, g ′ ∈ G, then the existence of a normal basis can be formulated by saying that there is a left R-module isomorphism F : (G, R) → S that respects the action of G. Namely, if s is a normal basis generator, then we can define F by F (f ) = g∈G f (g)g.s for all f ∈ (G, R). Conversely, if F : (G, R) → S is an isomorphism as above and f ∈ (G, R) is defined by f (1) = 1 and f (g) = 0 for all g ∈ G \ {1}, then s := F (f ) is a normal basis generator. Lenstra [9] has shown that this version of the normal basis theorem is valid for infinite Galois field extensions S/R provided we only consider the continuous functions G → R. In fact, he shows that if G is equipped with the Krull topology, R with the discrete topology and we let C(G, R) denote the set of continuous functions from G to R, then there is an R-vector space isomorphism from C(G, R) to S respecting the action of G.
Recall that an extension of connected rings S/R is called infinite Galois with group G if G = Aut R (S), S G = R and S/R is locally finitely generated separable, that is, every finite subset of S belongs to a finitely generated separable ring extension of R in S. In that case, the Krull topology can be defined on G and there is a bijection between the closed subgroups of G and the set of locally finitely generated separable ring extensions in the usual sense of Galois theory (see [17] ). We say that such an extension is odd if S is the union of finite odd Galois ring extensions of R. The main purpose of this article is to prove the following infinite version of Theorem 1.
Theorem 2. Let S/R be an infinite odd abelian Galois ring extension with S connected. If S and C(G, R) are isomorphic as left R[G]-modules, then (S, q S ) and (C(G, R), q 0 ) are isomorphic as coherent G-forms.
For the proof, see Section 3, and for the definition of coherent G-forms, see Section 2. The secondary purpose is to apply Theorem 2 to infinite odd abelian Galois extensions of fields, connected Galois ring extensions where the base ring is local and compact in the induced topology, and number rings in local fields where the residue field of the base ring is finite (see Corollaries 1-3 in Section 3).
For related results concerning normal bases for infinite extensions, see [6] , [7] , [10] [11] [12] [13] [14] [15] .
2. Coherent G-forms. For the rest of the article, unless otherwise stated, we assume that S/R is an infinite Galois extension of connected rings with group G. We also fix the following notation. Let N denote the set of open normal subgroups of G and for N,
Note that the relation ≺ makes N a directed set.
Let M be a discrete left R-module equipped with a continuous R-linear left action of G. If the group G is infinite, then instead of considering Rbilinear maps M × M → R, it is more natural to study coherent systems of R-bilinear maps M N × M N → R, N ∈ N , in the sense defined below.
the inverse limit taken with respect to the maps tr
It is easy to check that q is well defined.
We now define the two coherent G-forms mentioned in the introduction.
(ii) Suppose that N ′ ≺ N . The set C(G, R) N can, in a natural way, be identified with R[G/N ]. With this identification, the map tr
Note also that if we use the notation from Remark 1, then we may write
, where the last inverse limit is taken with respect to the maps n N ′ /N .
Resolvents for infinite extensions.
In this section, we introduce a resolvent map for infinite Galois ring extensions (Definition 2) and show two results (Propositions 1 and 2) concerning the existence of (self-dual) normal bases and units (norm one elements) in the image of the resolvent. Then we use these results to prove Theorem 2. At the end of this section, we apply Theorem 2 to three different cases of infinite extensions (see .
Recall that in the finite case, the resolvent map r : S → S
and hence, norm one elements, are defined by the natural extension from the finite case.
We gather some well known results concerning units and norm one elements in group rings in the following lemma (parts of which can be found in e.g. [16] ). Recall that the action of G on S induces an action of G on S[G]. Lemma 1. Let S/R be a finite Galois ring extension with Galois group G.
Suppose that G is an odd abelian group and let √ · be the unique S-linear extension to S[G] of the group automorphism g 2 = g on G.
(d) If x, y ∈ S[G] are resolvents, then √ xy is a resolvent.
(e) If x ∈ S[G] * is a resolvent, then xx −1 is a resolvent which is a norm one element.
Proof. (a) Suppose that x −1 = y ∈ S[G]. Applying the action of G on S[G] to the equality xy = 1 gives us x(g.y) = (g.x)(g.y) = g.(xy) = g.1 = 1 for all g ∈ G. Since the inverse of x is unique this implies that g.y = y for all g ∈ G. Hence y ∈ R[G].
(b) Take x ∈ S[G]. Suppose that x = r(s) for some s ∈ S. Take g ∈ G. Then
On the other hand, suppose that x = h∈G s h h for some s h ∈ S, h ∈ G, and that g.(xg −1 ) = x for all g ∈ G. Then h∈G (g.s h )hg −1 = h∈G s h h for all g ∈ G. Equating coefficients for 1 gives g.s g = s 1 for all g ∈ G and hence s g = g −1 .s 1 for all g ∈ G. Therefore x = r(s 1 ).
(c) Suppose that x is a resolvent and put y := x −1 . Then, by (b), h.(xh −1 ) = x for all h ∈ G. Hence, since G is abelian, we infer for each h ∈ G that
Since the inverse of x is unique, h. 
Hence, since the order of G is odd, we find
(e) Put y = x −1 . A straightforward calculation shows that √ xy is a norm one element. The rest follows from (c) and (d). On the other hand, suppose that there is s = (s N ) N ∈N ∈ S such that r(s) is a unit in S[[G]] * . Then, by Lemma 1(a), each r N (s N ) is a unit in S N [G/N ] and hence each s N is a normal basis generator for S N . Now we define ϕ : C(G, R) → S. Take f ∈ C(G, R). Since G is compact and R is equipped with the discrete topology, there is N ∈ N such that f is constant
It is clear that ϕ is R-linear and that it respects the action of G. Since s ∈ S, ϕ is well defined, and since each s N is a normal basis generator for S N , ϕ is bijective.
Proposition 2. The coherent G-forms (S, q S ) and (C(G, R), q 0 ) are isomorphic if and only if the image of the resolvent contains a norm one element.
Proof. This follows from the finite case in the same way as in the proof of Proposition 1. Next, we consider infinite Galois ring extensions. Recall that an ideal I in a ring is called residually nilpotent if ∞ n=1 I n = {0}. In that case {I n } n≥1 form a basis of neighborhoods of zero of a Hausdorff topology on the ring called the I-adic topology (see e.g. [4] ).
Corollary 2. Let S/R be an infinite odd abelian Galois ring extension with S connected. If R is a local ring with a residually nilpotent maximal ideal I such that R is compact in the I-adic topology, then (S, q S ) and (C(G, R), q 0 ) are isomorphic as coherent G-forms.
Proof. By Theorem 1.3 in [11] , the left R[G]-modules S and C(G, R) are isomorphic. The result now follows from Theorem 2.
Finally, we consider infinite extensions of number rings. Recall that extensions are called unramified (resp. tamely ramified) if all finite subextensions are unramified (resp. tamely ramified).
Corollary 3. Let S/R be an infinite odd unramified abelian extension of number rings in local fields. If the residue field of R is finite, then (S, q S ) and (C(G, R), q 0 ) are isomorphic as coherent G-forms.
Proof. We prove this in two different ways. The extension S/R being unramified, it is a Galois ring extension (see e.g. [5] ). The claim now follows from Corollary 2.
On the other hand, the extension S/R being unramified, it is, of course, tamely ramified. Hence, by Theorem 1.5 in [14] , the left R[G]-modules S and C(G, R) are isomorphic. Now we can again use Theorem 2 to obtain the desired result.
Remark 2. Corollaries 1 and 3 have already appeared in [13] and [14] in the cases when the characteristic of K is odd and the residue class field of R is of odd order, respectively; they were proved by other means.
